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Mounting Parameter Estimation From Velocity
Vector Observations for Land Vehicle Navigation

Quan Zhang , Yuanqian Hu, Shanshan Li, Tisheng Zhang, and Xiaoji Niu

Abstract—A velocity model composing speed sensors
and motion constraints is used as the direct and effective
auxiliary information of global navigation satellite system
(GNSS)/inertial navigation system integrated systems to
improve the land vehicle navigation accuracy under inter-
fered or blocked GNSS signal environments. The precise
determination of the mounting parameter (the geometric
relationship between sensors), including mounting angle
and lever arm, is necessary to realize the full potential
of velocity assistance. In this article, we propose an opti-
mal mounting parameter estimation scheme based on the
velocity vector observations. The quaternion-based opti-
mal attitude determination method is used to estimate the
mounting angle, and the weighted recursive least squares
are applied to estimate the lever arm. A land vehicle test
and an agricultural tractor test are carried out to verify the
feasibility and correctness, and inertial measurement units
(IMUs) of different grades, especially the micro electro me-
chanical system (MEMS) IMUs, are used. The results show
that the attitude errors, especially the heading error, are
the main factors influencing mounting angle estimation and
that the statistical lateral velocity based on the estimated
mounting parameters is better than 0.03 m/s, thus better
satisfying vehicle motion constraints.

Index Terms—Attitude determination, land vehicle nav-
igation, MEMS inertial measurement unit (IMU), mounting
angle, velocity model.

I. INTRODUCTION

THE integration of the global navigation satellite system
(GNSS) and inertial navigation system (INS) can provide

high-precision (e.g., centimeter level) positioning navigation
solutions for land vehicles [1]. However, the major drawback
of the GNSS is the accuracy degradation due to poor satellite
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Fig. 1. Schematics of misalignment of the IMU frame with respect to
the vehicle frame and of the lever arm between the IMU center and
DMI/NHC RP.

geometry, satellite signal interference, or outages, especially in
urban environments. The INS solution, especially based on the
low-end inertial measurement unit (IMU), is affected by inertial
sensor errors and diverges with time because of the integration
process. Thus, it should be updated periodically using external
measurements and/or vehicle dynamic constraints to restrain the
navigation divergence [2].

Much research on multi-information fusion has been carried
out using different auxiliary sensors to enhance the GNSS/INS
integrated navigation accuracy under poor GNSS signals [3].
Due to the implementation simplicity and cost savings, the
distance measurement instrument (DMI) and/or nonholonomic
constraints (NHC) are the external auxiliary sensor and mea-
surements commonly used in land vehicle navigation [4]. The
DMI can provide the mileage traveled or the forward velocity
in the vehicle frame. The NHC restricts the admissible direction
of motion, e.g., a land vehicle cannot move in the directions
perpendicular to the forward direction in the vehicle frame. The
DMI in the form of the forward velocity and NHC can be used
to develop 3-D velocity assistance to enhance the accuracy and
reliability of land vehicle navigation in complex environments.
However, two key mounting parameters exist representing the
geometric relationship between the sensors when using auxiliary
information from the DMI and/or NHC: First, the mounting
angle reflects axes mismatch or misalignment between the IMU
frame and the vehicle frame; second, the lever arm represents the
spatial distance between the IMU center and the DMI reference
point (RP), as shown in Fig. 1. Compensation for the mounting
angle and lever arm is performed to realize frame unification
and space unification, respectively. These two parameters need
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to be considered and compensated when the DMI and NHC are
exactly and reliably applied to GNSS/INS integration.

Here, we need to distinguish the lever arm between the
IMU center and GNSS antenna, which can be estimated by
an augmented navigation Kalman filter (KF) [5]. The required
lever arm accuracy of the NHC for land vehicle navigation
can be found in [6], and a simple estimation method for the
NHC lever arm was proposed to further optimize the navigation
solution. The DMI/NHC lever arm can also be estimated by a
specific KF, but the estimation accuracy depends on the vehicle
dynamics [7]. Although the lever arm can be measured using
tape or the total stations in advance, the measurement accuracy
may not be accurately guaranteed because of poor intervisibility
and a complex vehicle structure. Hence, the lever arm between
the IMU center and the valid point of the motion constraints
must be estimated to better satisfy vehicle motion constraints.
Generally, the mounting angle is difficult to measure accurately.
Syed et al. [8] analyzed the required alignment of the inertial unit
with respect to the vehicle by position drift errors during GNSS
signal outages, but this accuracy level of angular misalignment
cannot be applied to the high-accuracy navigation. Hong et al. [9]
estimated the relative attitude between a GPS antenna array and
an IMU, but this relative attitude is not the misalignment between
the IMU frame and the vehicle frame. Hence, the misalignment
of the IMU frame with respect to the vehicle frame needs to be
estimated and compensated for accurately.

Some studies have been conducted on methods for estimating
the mounting angle. According to the observations considered,
the present methods can be divided into three categories: acceler-
ation observations, velocity observations, and position observa-
tions. Vinande et al. [10] utilized the accelerometer output at rest
on a horizontal road surface for pitch and roll angle estimation
and a known forward acceleration on an assumed horizontal
road surface to achieve yaw mounting angle estimation. Mu and
Zhao [11] achieved misalignment estimation by using triaxial
gyroscope and accelerometer measurements based on motion-
mode recognition for micro electro mechanical system (MEMS)
IMUs to be placed in an arbitrary arrangement. However, these
acceleration-based estimation methods are affected by sensor
errors (e.g., bias) or an acceleration (e.g., acceleration magnifies
the coupling effect of mounting angles), and the misalignment
estimation error is usually greater than 1° [10]. Wu et al. [7]
designed a self-calibration algorithm using an adaptive extended
KF based on velocity vector and height constraints and per-
formed nonlinear observability to obtain a moderately sufficient
condition for a successful calibration. Similar misalignment es-
timation methods based on the velocity vector observations can
be found in [12] and [13], with some differences in the optimal
filter and the constraints used. Different from the velocity-based
estimation methods in the case of the DMI and NHC, the
position-based method utilizes the position information obtained
by the dead reckoning (DR) algorithm as the measurement of the
optimal filter [14], [15]. Chen et al. [14] designed a DR scheme
using the attitude, derived incremental distance measurements
from GNSS/INS smoothing solutions, and integrated the derived
with the GNSS/INS position to estimate the pitch and heading

mounting angles of the IMU. Wen et al. [15] constructed a posi-
tion observation acquired by deducting the DR (odometer based)
output position from the INS output position as the measurement
for misalignment estimation. However, these methods utilize the
KF as the optimal estimation method. Therefore, these methods
strictly require prior knowledge on the accuracy of misalignment
estimation and the measurement noise [16], [17].

Actually, misalignment estimation is the attitude identifica-
tion between the IMU frame and the vehicle frame. The attitude
estimation methods mainly include the KF, the quaternion algo-
rithm, and parameter identification (e.g., least squares) [18]. The
quaternion-based optimal estimation method can address those
scenarios that have no prior initial attitude information available,
and it is commonly used to solve the INS attitude initialization
as an attitude optimization problem using multiple vector obser-
vations [19]–[21]. Therefore, we propose the quaternion-based
misalignment estimation from velocity vector observations to
address the shortcomings of the existing estimation methods.
The main contributions of this article are as follows.

1) Using the quaternion-optimization-based estimation
method can yield quick estimation speed (approximately
5 s). The utilization of the quaternion-based optimal es-
timation method eliminates the influence of prior knowl-
edge, and it solves the problem of convergence caused by
inaccurate initial information.

2) Velocity vector observations are used in the proposed
mounting parameter estimation to ensure accuracy and re-
liability. The velocity-based estimation method has better
accuracy than that using acceleration observations, and it
directly acts on velocity-aided integrated navigation and
does not require the high-accuracy position information.

3) Weighted recursive least squares (wRLS) are applied to
estimate the lever arm considering the effect of velocity
observation noise on the estimation accuracy, and it is
helpful in determining the optimal valid location of holo-
nomic constraints and realizing the full motion constraint
potential.

The rest of this article is organized as follows. In Section II, the
basic land vehicle velocity model is introduced. In Section III,
the methods for estimating the mounting parameter, including
mounting angle and lever arm, are described, and the error
analysis is studied. In Section IV, the experimental results of the
proposed misalignment method are presented and discussed to
demonstrate its effectiveness and correctness. Finally, Section V
concludes this article.

II. LAND VEHICLE VELOCITY MODEL

A. Land Vehicle Velocity Model

A rigorous model for the velocity in the vehicle frame (de-
noted by v-frame) is too complex to build directly since it
requires more information, such as the steering angles, tire pres-
sure, and slip angles. Hence, a simplified velocity model has been
widely accepted in the application of land vehicle navigation.
The NHC assumes that the land vehicle does not jump off the
ground and does not slide along the ground; thus, these two
velocity components of the vehicle in the plane perpendicular
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to the forward direction (e.g., the x-axis) are zero. Hence, the
lateral (y-axis) and vertical (z-axis) velocity measurements in
the vehicle frame can be expressed as{

vvy = 0
vvz = 0

(1)

where vvy and vvz represent the velocity components of the vehicle
in the plane perpendicular to the forward direction (x-axis). The
superscript v represents the vehicle frame.

Ideally, the DMI measures the forward velocity of the DMI
RP in the vehicle frame, as shown in Fig. 1. An uncalibrated
DMI has a scale factor error, and the DMI output ṽdmi satisfies

ṽdmi = sdmi · vf (2)

where sdmi is the DMI scale factor and vf is the true forward
velocity in the vehicle frame. The DMI in the form of the forward
velocity and the NHC can be used to construct the 3-D velocity
in the vehicle frame as follows:

vv
RP =

⎡
⎣ vvx
vvy
vvz

⎤
⎦ =

⎡
⎣ vf

0
0

⎤
⎦ =

⎡
⎣ ṽdmi/sdmi

0
0

⎤
⎦ (3)

where vv
RP represents the velocity vector in the vehicle frame

at the DMI/NHC RP, and vvx represents the forward velocity
component of the vehicle velocity vv

RP.

B. Velocity Relationship Caused by Mounting
Parameters

Owing to the existence of the lever arm, as shown in Fig. 1,
the relationship between the velocity of the vehicle at the IMU
center vn

imu and that at the DMI/NHC RP vn
RP can be expressed

in the following form based on the Coriolis theorem and the
definition of the vehicle ground speed:

vn
RP = vn

imu +Cn
b

(
ωb

eb × lb
)

(4)

where Cn
b is the direction cosine matrix (DCM), which repre-

sents the attitude matrix from the IMU frame to the navigation
frame, ωb

eb represents the angular rate of the IMU frame relative
to the earth frame in the IMU frame, and lb is the lever arm from
the IMU center to the DMI RP in the IMU frame. In the absence
of the DMI, the 3-D velocity can also be constructed from the
velocity provided by the IMU as vf = |vn

imu +Cn
b (ω

b
eb × lb)|.

The DMI and NHC are valid measurements in the vehicle
frame; thus, using a DMI or an NHC as an aid requires consid-
ering the misalignment between the IMU frame and the vehicle
frame. The velocity relationship can be further written as

vv
RP = Cv

b

[
Cb

nv
n
imu +

(
ωb

eb × lb
)]

(5)

where Cb
n is the transpose matrix of Cn

b and Cv
b represents the

attitude matrix from the IMU frame to the vehicle frame. Cv
b

can be written in terms of the misalignment angles as follows:

Cv
b =

⎡
⎣ cθcϕ cθsϕ −sθ
−cφsϕ+ sφsθcϕ cφcϕ+ sφsθsϕ sφcθ
sφsϕ+ cφsθcϕ −sφcϕ+ cφsθsϕ cφcθ

⎤
⎦ (6)

where c and s refer to the cosine and sine operators, respectively.
φ, θ, and ϕ are the roll angle, pitch angle, and heading angle,

Fig. 2. Scheme block diagram of the mounting parameter (mis-
alignment and lever arm) estimation for the velocity-aided GNSS/INS
integration.

respectively; note that they are the mounting angles from the
IMU frame to the vehicle frame.

III. MOUNTING PARAMETER ESTIMATION METHODS

In this section, a mounting parameter estimation scheme, in-
cluding quaternion-based optimal misalignment estimation and
lever arm estimation by the wRLS, is studied. The constructed
velocity vector observations are derived from the velocity model
and the GNSS/INS integrated solution. The smoothed integrated
results are used to ensure the estimation accuracy of low-end
systems. The specific block diagram of the mounting parameter
estimation for velocity-aided GNSS/INS integration is shown in
Fig. 2.

A. Quaternion-Based Optimal Attitude Determination

The attitude quaternion q=[ qs qv ]
T is a four-parameter rep-

resentation of a coordinate transformation matrix that is com-
posed of a scalar part qs and a 3-D vector part qv = [ q1 q2 q3 ]

T .
The attitude quaternion satisfies the normalization constraint,
which is

qTq =1 (7)

where the superscript T denotes the transposition operator.
The relationship between the DCM and the corresponding

quaternion vector is

C (q) =
(
q2s − qT

v qv

)
I + 2qvq

T
v + 2qs (qv×) (8)

where C(q) is the DCM corresponding to q, I is the identity
matrix, and (qv×) is the skew-symmetric matrix.

The vector coordinate transformation formula expressed in
quaternion form is

α (t) = q ⊗ β (t)⊗ q∗ (9)

where α(t) and β(t) are two vector quaternions with zero scalar
parts. t is the current time. ⊗ denotes the quaternion product.
The superscript ∗ represents the conjugate quaternion operator.
Equation (9) can be transformed into a linear equation as in [17]
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by right multiplying both sides by q

α (t)⊗ q − q ⊗ β (t) = 0. (10)

To obtain a linear equation in q, the operator is defined as

+

[q]
Δ
=

[
qs −qT

v

qv qsI+ (qv×)

]
,

−
[q]

Δ
=

[
qs −qT

v

qv qsI − (qv×)

]
.

(11)
Quaternion multiplication satisfies the following relation:

q ⊗ β (t) =
+

[q]β (t)=
−

[β (t)] q. (12)

Therefore, (12) can be rearranged as(
+

[α (t)]−
−

[β (t)]

)
q = 0. (13)

The optimal attitude quaternion q can be taken as a minimiza-
tion procedure [17], that is

min
q

te∫
0

∥∥∥∥
(

+

[α (t)]−
−

[β (t)]

)
q

∥∥∥∥
2

dt

= min
q

qT

te∫
0

∥∥∥∥
(

+

[α (t)]−
−

[β (t)]

)∥∥∥∥
2

dt q

Δ
= min

q
qTKq. (14)

Here, define

K =

∫ te

0

∥∥∥∥
(

+

[α (t)]−
−

[β (t)]

)∥∥∥∥
2

dt. (15)

The constraint of (7) can be taken into account by the Lagrange
multiplier method [22]; thus, the following gain function is
defined as

g (q) = qTKq − λ
(
qTq − 1

)
(16)

where λ is a real scalar that is chosen to satisfy the constraint. The
quaternion optimization is transformed into the minimization of
g(q). Taking the derivative of the gain function g(q)with respect
to q yields

Kq =λq. (17)

Equation (17) indicates that λ is an eigenvalue of K. Substi-
tuting (17) into (16) yields

g (q) = λ. (18)

This equation indicates that λ is the minimum eigenvalue
λmin of K that can reach the minimum value of g(q). Thus,
the optimal attitude quaternion qopt is the eigenvector of K
with respect to the minimum eigenvalue. More clearly

Kqopt=λminqopt. (19)

B. Misalignment Angle Estimation

The misalignment angle estimation is the procedure of attitude
identification between the IMU frame and the vehicle frame. The

basis of the quaternion-based optimization attitude estimation
method is to construct the vectors α(t) and β(t).

Here, set

α (t) = vv
RP (t) (20)

β (t) = Cb
n (t)v

n
imu (t) +

(
ωb

eb (t)× lb
)
. (21)

Equation (5) can be rewritten as

α (t) = Cv
bβ (t) . (22)

Equation (22) can then be expressed in quaternion form as

α (t) = qv
b ⊗ β (t)⊗ qv∗

b (23)

where qv
b is the quaternion representation of misalignment an-

gles from the IMU frame to the vehicle frame. The optimal
qv
b can be obtained by (15) and (19) to complete the optimal

estimation of the misalignment angle between the IMU frame
and the vehicle frame. However, not all misalignment angles can
be estimated based on the velocity observation.

Equation (5) can be transformed into the following equation
by left multiplying both sides by Cb

v:

Cb
vv

v
RP = Cb

nv
n
imu +

(
ωb

eb × lb
)
. (24)

Substituting (6) into (24) yields

(Cv
b )

T

⎡
⎣ vf

0
0

⎤
⎦ = vf

⎡
⎣ cθcϕ
cθsϕ
−sθ

⎤
⎦ = Cb

nv
n
imu +

(
ωb

eb × lb
)
.

(25)
The above equation indicates that the velocity observation is

irrelevant to the misalignment angle φ (along the forward axis),
that is, φ cannot be estimated.

If the vehicle is running along a straight line with time-varying
velocity, which means that ωb

eb = 0 and vf �= 0, then (25) can
be rewritten as

Cb
vv

v
RP = Cb

nv
n
imu. (26)

This equation indicates that the misalignment estimation is not
affected by the lever arm under the condition of running along a
straight line. This sufficient condition can be used to distinguish
the estimation of misalignment and the lever arm and reduce the
interaction between the two mounting parameters.

C. wRLS-Based Lever Arm Estimation

Usually, the lever arm can be accurately measured using tape
or the total station in advance, but some measurement error
exists due to poor visibility conditions. Hence, the lever arm
can be estimated based on the initial values to further increase
the accuracy. Equation (5) can be rearranged as follows:

(ωv
eb×) lv = vv

RP −Cv
bC

b
nv

n
imu. (27)
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Fig. 3. Procedure of wRLS-based lever arm estimation.

This is a typical least squares estimation. To reduce the
resource and memory consumption of the least squares method,
the wRLS algorithm, which eliminates the inversion operation,
is utilized to estimate the lever arm and the scale factor. The
specific estimation procedure based on the wRLS is shown in
Fig. 3.

To further study the estimation effect of the lever arm in the
vehicle frame, (27) can be converted to a representation in the
vehicle frame, and it can be written in the following form:⎡
⎣ vvx
vvy
vvz

⎤
⎦=

⎡
⎣ vvimu,x

vvimu,y

vvimu,z

⎤
⎦+

⎡
⎣ 0 −ωv

eb,z ωv
eb,y

ωv
eb,z 0 −ωv

eb,x

−ωv
eb,y ωv

eb,x 0

⎤
⎦
⎡
⎣ lvx
lvy
lvz

⎤
⎦ (28)

where vvimu,x, vvimu,y , and vvimu,z represent the three components
of IMU velocity in the vehicle frame; ωv

eb,x, ωv
eb,y , and ωv

eb,z

represent the three components of the angular rate of the IMU
frame relative to the earth frame in the vehicle frame; and lvx, lvy ,
and lvz are the three components of the lever arm from the IMU
center to the valid point for the NHC in the vehicle frame.

For land vehicles, significant angular motion around the ver-
tical axis (i.e., z component) due to turning will occur, while a
relatively small angular rate around the longitudinal and lateral
axes (i.e., x and y components), that is, ωv

eb,x ≈ 0 and ωv
eb,y ≈ 0,

will be observable. Hence, (28) can be reduced to

vvx = vvimu,x − ωv
eb,zl

v
y , vvy = vvimu,y + ωv

eb,zl
v
x. (29)

This indicates that the longitudinal and lateral components of
the lever arm are easy to estimate during turning for land vehicle
applications. If the forward velocity provided by the DMI is not
available, only the longitudinal lever arm can be estimated based
on the second equation of (29).

D. Influence Factor of Misalignment Estimation Accuracy

The perturbation method was utilized to analyze the influence
of the velocity error and attitude error on the misalignment error.
Neglecting the effect of the second-order small quantity, (26) can
be rearranged as (details of the derivation can be found in the

Fig. 4. Trajectory of the land vehicle test (marked by the red dotted
line, from Google Earth).

Appendix)

−vv
RP × δφmis = Cv

bC
b
n (δv

n
imu − vn

imu × δφ) (30)

where δφmis represents the misalignment angle error, with
δφmis = [ δφ δθ δϕ ]T . Considering (3), (30) can be converted
to the vehicle frame as
⎡
⎣ 0

δϕ
−δθ

⎤
⎦ = Cv

bC
b
n

⎛
⎝δvn

imu

vf
− 1

vf

⎡
⎣−vnDδφy + vnEδφz

vnDδφx − vnNδφz

−vnEδφx + vnNδφy

⎤
⎦
⎞
⎠
(31)

where vnN , vnE , and vnD represent the north, east, and down
velocities in the navigation frame, respectively. δφx, δφy, and
δφz represent the roll angle error, pitch angle error, and head-
ing angle error of the GNSS/INS integrated navigation results,
respectively.

Equation (31) indicates that the influence of velocity error can
be reduced by increasing the forward speed. However, the effect
of velocity error can be taken out of consideration because it can
be generally controlled within centimeter per second (cm/s) in
the presence of GNSS auxiliary information. Additionally, the
heading misalignment angle is affected mainly by the roll and
heading errors, while the pitch misalignment angle is affected by
the roll and pitch errors. For the low-end IMU, the heading error
is the main influential factor because the heading error is larger
than the horizontal attitude error and the horizontal velocity is
greater than the vertical velocity for land vehicular applications.

IV. TEST RESULTS AND DISCUSSION

A. Land Vehicle Test Description

The land vehicle test was conducted in an open-sky area
in Wuhan on December 10, 2019; the trajectory is shown in
Fig. 4. The red trajectory line indicates that the GNSS signal
observation was in good condition, and the number of visible
GNSS satellites was always greater than 6 during the test to en-
sure the estimation accuracy of the mounting parameter because
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Fig. 5. Land vehicle velocity (top) in the navigation frame, and the
angular rate (middle) and the specific force (bottom) in the IMU frame.

TABLE I
SPECIFICATIONS OF DIFFERENT-GRADE IMUS

the navigation error will drift without GNSS information assis-
tance, resulting in the inability to perform mounting parameter
estimation.

Fig. 5 shows the land vehicle velocity in the navigation frame
and the angular rate and acceleration in the IMU frame. The
operation speed limits the range between 20 and 50 km/h, and
frequent U-turns and turns (angular rate is less than 40°/s)
occur to ensure sufficient movement; the running acceleration
is basically controlled at 2 m/s2. The road is relatively flat
without significant slopes, and some instantaneous accelerations
(e.g., approximately 10 m/s2) and horizontal angular rates (e.g.,
approximately 20°/s) occur due to the vibration of vehicles
caused by rough roads or bumps.

In addition, a land vehicle test with different-grade IMUs was
carried out to validate the feasibility of the proposed mounting
parameter estimation scheme and analyze the main error source
that influences the accuracy of misalignment estimation. Three
integrated systems, including one navigation-grade IMU and
two different MEMS IMUs, were used to investigate the perfor-
mance of mounting parameters using the proposed method, and
their specifications of the three IMUs are listed in Table I. The
two low-end MEMS IMUs were used to analyze the main factors
influencing parameter estimation and to study the estimation
capability of the proposed method for low-end systems.

Fig. 6. Comparison of the heading mounting angles of different esti-
mation methods, including the quaternion-based method and KF-based
method.

B. Comparison of the Mounting Angle Estimation Under
Different Methods

The acceleration-based estimation methods are affected by
the performance of the MEMS IMU, and the misalignment
estimation accuracy is usually greater than 0.1°. An initial
convergence problem occurs in the KF-based estimation method
(denoted as the KF-based method). To verify the mounting
angle estimation speed and stability using the quaternion-based
optimal attitude determination method, we mainly compared the
estimated mounting angle with that of the estimation method
based on KF.

Here, the heading mounting angle is taken as an example
because the pitch angle has similar behavior. Two initialization
settings were designed in the KF-based method: KF#1 indicates
that the KF-based method applied reasonable initial statistical
values (e.g., the initial heading accuracy is set at 10°), while
KF#2 indicates the KF-based method with unreasonable values
(e.g., the initial heading accuracy is set at 0.1°).

Fig. 6 shows the heading mounting angle estimated by the
different estimation methods. Note that the three systems have
their own mounting angles; thus, the difference in the estimated
values is not related to a difference in accuracy. Fig. 6 reveals an
obvious convergence of the heading mounting angle for the KF-
based estimation method. KF#1 requires 10 s to reach stability
at 0.01°, while KF#2 does not converge within 20 s. By contrast,
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Fig. 7. Estimated mounting angles by the quaternion-based optimal attitude determination method under different modes for land vehicles.

TABLE II
LIST OF DIFFERENT ESTIMATION CONFIGURATIONS

∗ For lever arm, “no” represents the utilization of a measured lever arm using tape.

the heading mounting angle estimated by the proposed method
can quickly converge under the same conditions with the time
required to reach stability at 0.01° being less than 5 s.

C. Mounting Parameter Estimation in Different Modes

Considering the availability of the DMI and the necessity of
estimating the lever arm and DMI scale factor, Table II lists the
different estimation configurations of data analysis in this article.
Note that Mode #2 and Mode #4 utilize the constructed forward
velocity to carry out the estimation of mounting parameters;
thus, Mode #2 provides only the estimated longitudinal lever
arm in the vehicle frame.

Fig. 7 shows the estimated mounting angles under different
modes over a period of time (approximately 0.72 h). The results
show that the estimation of the mounting angle can quickly
converge (less than 20 s), but the performance is ranked as IMU1,
IMU2, and IMU3 from high to low in terms of the stability of the
estimated results. As given in Table III, the estimated pitch angle
fluctuation intensity of the three IMUs is approximately 0.02°;
the estimated heading angle fluctuation intensities of IMU1 and
IMU2 are, respectively, approximately 0.01° and 0.02°, while
that of IMU3 is greater than 0.07°. These results are in exact

Fig. 8. Attitude error (with statistical values) of MEMS-based inte-
grated systems, including the pitch error (top) and the heading error
(below).

accordance with (31), which can be used to calculate the heading
mounting angle estimation accuracy; that is, the heading error of
the integrated system is the main factor influencing the heading
mounting angle. As shown in Fig. 8, the heading accuracy of
IMU3 is worse, especially at the beginning.

For the different modes, as shown in Fig. 7 and Table III, the
difference in estimated values is basically less than 0.01°, which
is quite small. This result indicates that the estimation of the
mounting angle can be completed without the DMI on the basis
of ensuring the same accuracy level. The lever arm, especially
the longitudinal lever arm, needs to be estimated during turning
to ensure the estimation performance of the mounting angle
because Mode #2 estimates only the longitudinal lever arm and
provides a reasonable mounting angle estimation. In addition,
due to the vibration caused by unstable installation, the pitch
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TABLE III
STATISTICS OF ESTIMATED MOUNTING ANGLES UNDER DIFFERENT MODES FOR LAND VEHICLES

Note: MEAN represents the mean value of the data series; STD is the abbreviation for standard deviation.

Fig. 9. Estimated longitudinal (Lon.) and lateral (Lat.) lever arm in the
vehicle frame based on the wRLS method under different modes.

error of IMU2 slightly larger than that of IMU3, as shown
in Fig. 8, so the estimation repeatability of the IMU2 pitch
mounting angle is slightly larger than 0.01°, which is worse
than that of IMU3.

Fig. 9 shows the estimated longitudinal and lateral lever arms
based on the wRLS under different modes. Mode #2 provides
only the longitudinal lever arm estimation in the absence of
the DMI by using the NHC information. The estimation of
the lever arm depends on the angular rate around the vertical
axis (z-axis); thus, the corresponding estimated values fluctuate
during U-turns and other turns. The estimated accuracies of the
longitudinal lever arm achieved by Mode #1 and Mode #2 are
basically the same. For IMU2, the estimation stability of the lever
arm is worse because of the obvious angular velocity vibration
around the lateral axis (y-axis) due to the unstable installation;
this issue also affects the estimation of the pitch mounting angle
of IMU2, as shown in Fig. 8. Notably, the estimated lever arm
values of IMU2 and IMU3 are close because they are installed
close to each other.

Table IV lists the comparison between the estimated lever
arm and the measured lever arm by tape and the corresponding
statistical lateral velocity. Clearly, an error of approximately

TABLE IV
COMPARISON OF THE DMI/NHC LEVER ARMS BY DIFFERENT METHODS

0.2 m between the estimated lever arm and the measured lever
arm exists, except for the longitudinal distance of IMU2. The
correctness of mounting parameter estimation can be validated
by checking the lateral and vertical velocities in the vehicle frame
because no significant velocity component should exist in these
two directions to satisfy the NHC. Considering that the lateral
velocity in the vehicle frame is more seriously and obviously
affected by the mounting parameter during U-turns and other
turns, a statistical analysis of the lateral velocity in the vehicle
frame during U-turns and other turns was conducted. Clearly,
the statistical lateral velocity based on the estimated lever arm
is better than that based on the measured lever arm, with the
corresponding root-mean-square (RMS) being approximately
0.02 m/s.

The results of the land vehicle test show that the proposed
mounting parameter estimation scheme is effective and correct
by the statistical lateral velocity in the vehicle frame and that the
heading error of integrated systems is the main factor impacting
the mounting parameter estimation accuracy. Moreover, the
estimation of the mounting angle and longitudinal lever arm can
be completed without the DMI under the same accuracy level.

D. Agricultural Tractor Test

An agricultural tractor test was conducted in an open-sky
area in Wuhan on February 15, 2017, and a low-end integrated
system based on the MEMS IMU (ADIS16460, its navigation
performance is comparable with IMU3, as given in Table I) was
used to evaluate the performance of mounting parameter estima-
tion. A dual-antenna GNSS heading was applied to enhance the
integrated heading accuracy and further compare the influence
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TABLE V
SPECIFICATIONS OF LOW-END INTEGRATED SYSTEM BASED ON MEMS IMU

Fig. 10. Tractor velocity (top) and the heading error (bottom)
with/without GNSS heading aid of the low-end system in the navigation
frame.

Fig. 11. Mounting angles estimated by the quaternion-based optimal
attitude determination method with/without heading aid for the agricul-
tural tractor.

of the heading error on the estimation accuracy. Table V lists the
specifications of this low-end integrated system.

Fig. 10 shows the agricultural tractor velocity and the head-
ing error of the low-end integrated system in the navigation
frame. Here, the operating speed is approximately 2.0 m/s,
and eight U-turns are required for sufficient movement. The
heading error, which is controlled within approximately 0.5°,
is obtained by calculating the difference from the dual-antenna
GNSS heading with an accuracy of approximately 0.07° based
on a 1.5 m baseline. Fig. 11 shows the mounting angles estimated
by the quaternion-based optimal attitude determination method
with/without heading aid for the agricultural tractor. For the
estimated pitch angles, the blue line and the black line basically
overlap. The results show that the fluctuation of the estimated
pitch mounting angle is obviously less than 0.01°, and it is not
affected by the integrated heading error; the fluctuation of the
estimated heading mounting angle is approximately 0.2°, and

Fig. 12. Estimated longitudinal (Lon.) lever arm in the vehicle frame
based on the wRLS method with/without heading aid.

it is significantly affected by the integrated heading error. This
outcome further proves that the heading error of the integrated
system is the main factor influencing the heading mounting
angle, and that it has little effect on the pitch mounting angle
estimation.

Fig. 12 shows the estimated longitudinal lever arm based on
the wRLS under different modes. Clearly, the blue and the black
lines overlap, frequent U-turns can accelerate the convergence
of longitudinal lever arm estimation, and the integrated heading
error has less influence on the lever arm estimation.

V. CONCLUSION

Precise determination of the mounting parameter is necessary
to ensure the navigation accuracy of multi-information fusion,
especially for the velocity model, which is used as necessary
auxiliary information in land vehicle navigation. In this article,
we proposed an optimal estimation scheme based on the velocity
vector observations to estimate the mounting parameter. The
quaternion-based optimal attitude determination method was
used to estimate the mounting angle, and the wRLS was applied
to estimate the lever arm. The perturbation method was utilized
to analyze the influence of the velocity error and attitude error
on the misalignment error.

A land vehicle test and an agricultural tractor test were carried
out to verify the feasibility and correctness of the proposed esti-
mation scheme under different dynamic conditions. In particular,
low-end integrated systems based on MEMS IMU were utilized
to analyze the main factor influencing the estimation accuracy.
The results show that the mounting parameters estimated by the
proposed method can better satisfy vehicle motion constraints,
and that the statistical lateral velocity was better than 0.03 m/s.
Moreover, the integrated heading error, which had little effect
on other parameter estimations, was the main factor influencing
the estimated heading misalignment accuracy.

The proposed estimation scheme can be further applied to
multisensor mounting parameter estimation from velocity vec-
tor observations, especially for low-end systems under high-
precision navigation requirements.

APPENDIX

The influence of the navigation error on the misalignment
estimation accuracy is derived in detail as follows. Without
considering the influence of the lever arm, (28) can be rewritten
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as (
Ĉ

v

b

)T

v̂v
RP=Ĉ

b

nv̂
n
imu (32)

where the operator ˆ denotes the estimated or computed values.
The perturbation of the velocity and attitude matrix can be
expressed as

Ĉ
v

b = (I − δφmis×)Cv
b

Ĉ
n

b = (I − δφ×)Cn
b

v̂n
imu = vn

imu + δvn
imu (33)

where the operator δ denotes the errors. Hence, the error pertur-
bation analysis of (32) can be obtained as follows:

((I − δφmis1×)Cv
b )

Tvv
RP

= ((I − δφ×)Cn
b )

T (vn
imu + δvn

imu) . (34)

Developing the perturbation equation and neglecting the ef-
fect of the second-order small quantity yield

−(Cv
b )

T (vv
RP×) δφmis=(Cn

b )
T δvn

imu−(Cn
b )

T (vn
imu×) δφ.

(35)
Considering (6), (35) can be converted to the vehicle frame

as ⎡
⎣ 0 0 0
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0 −vf 0
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(36)

Then, the following form can be obtained:⎡
⎣ 0

δϕ
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